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Air-to-Air Missile Trajectories for Maximization of

Launch Range

GEeRrRALD M. ANDERSON* AND GEORGE W. WaATT?
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio

A simplified two-dimensional (horizontal plane) air-to-air missile intercept problem is
formulated and analyzed, using the necessary conditions for an optimal trajectory. To
achieve the maximum possible launch range against constant-velocity targets, the missile
should turn onto a collision course with the target as soon as possible after launch. These
maximum launch range trajectories generally include arcs along which the missile uses an
intermediate fuel burning rate to maintain a constant velocity. Although this intermediate
fuel burning rate is a function of aerodynamic drag, the resulting constant velocity depends
only on the effective exhaust velocity of the missile and the component of target velocity in the
direction of the final missile velocity vector. Thelaunch range is not very sensitive to errors in
this velocity. The optimal time of switching from the maximum fuel burning rate to the
intermediate fuel burning rate is completely determined by the target velocity magnitude
and direction. These same general features of the optimal fuel-burning-rate program can be
expected to appear in more realistic problem formulations.
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Introduction

HE ability of an air-to-air missile to fly an intercept tra-

jectory that allows the maximum possible launch range
(Ryz) is important to both the survivability of the launch air-
craft and the attainment of the largest possible launch en-
velope for the missile. This paper presents the results of an
investigation of the missile-turning-rate and fuel-burning-
rate characteristics of such trajectories for a simplified air-to-
air missile which intercepts a constant-velocity target by
maneuvering in a horizontal plane. The mathematical model
is presented, then the results of the application of the neces-
sary conditions for an optimal control and for a singular con-
trol are given. The solution and results are then discussed.

Mathematical Model for the Intercept Problem

The restriction to a horizontal plane implies that the mis-
sile generates just enough vertical lift to offset its weight.
Furthermore, the sideslip in the horizontal plane is assumed
to be negligible, so that the missile velocity vector is always
directed along the missile axis of symmetry. At launch
time, ¢ = 0, the target is located at the origin of an inertial
X — Y coordinate system which is fixed relative to the air,
(Fig. 1). The target has a constant velocity Vr directed at an
angle 07 from the X axis. The missile is launched from the
position ¥ = 0 and X = X(0) with a velocity V, directed at
an angle ¢, from the X axis. The velocity magnitude and
direction of the missile are denoted by V and ¢, respectively;
M is its mass, 8 is the fuel burning rate, and F is a sideforce
control which is used to rotate the missile velocity vector.
The state differential equations are

X =7Veosg, Y =Vsing, V=1{(8— KiV)/M
(1)

I

¢ =F/MV, M= -8
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where K; = CpAp/2, and K; and the effective exhaust
velocity ¢ are assumed to be constant. Induced drag is ne-
glected.

The constraints on the controls 8 and F are assumed to be
independent of V. These constraints are

0<B<LBn —-F.<F<F, 2)
The boundary conditions are

Y(0) =0, V(O =V @0 = ¢, MO =M, .
3
X(tf) = Vth COSOT, Y(tf) = Vth sinHT, M(tf) = Mf

where ¢; is the unspecified flight time. The quantity to be
maximized is the launch range. Since X(0) is negative, this
is equivalent to minimizing

J = X(0) 4

In analyzing this problem, it is convenient to replace the
variable X by the new position variable Z defined by

7= —Veosg, Z0O)=0 (5)

This differential equation and boundary condition replace the
X state differential equation and boundary condition in Eqs.
(1) and (3), respectively. In terms of Z, the quantity to be
minimized is

J = Vit; coslr + Z(ty) (6)
v
T
v Y
Fig.1 Geometry of F TARGET
the intercept MISSILE _
problem.
\)
° 6;

X(0) X
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Fig. 2 Time histories of two maximum-launch-range
trajectories.

Application of Necessary Conditions

In this section the necessary conditions for an optimal con-
trol! and some necessary conditions for a singular control?-3
are applied to this problem.

Applying the necessary conditions for an optimal control,
the Hamiltonian is

H = —\V cosg + N,V sing + N\(cB —
KaVH/M 4 NF/MV — N8 (7)

where X, Ny, Ao, N\p and A, are costate variables. The co-

state differential equations are
A= —dH/dZ =0, N\, = —0H/dY =0
A, = —0H/OV = \.cosg — A, sing + 2NK.V/M +
NF/MV? (8)
Ao = —0H/Qd¢ = —\,V sing — A,V cose
A = —0H/OM = [N(cB — KiV?) + NF/V1/M?
Trausversality conditions give

MNlt) = N = 0, Nty) = 0J/OZ{¢y) = 1

(9)
H(tf) = VT[)\y(tf) Sil’lgT — )\;(tf) COSQT]

where a normal problem has been assumed. Note that the
. and N\, equations ean now be integrated to obtain A,(t) =
1 and A\, (¢) is a constant. The controls F and 8 can be ex-
pressed in terms of the switching functions S» and Sg, which
are defined by

Sr= N/MV, Sg= Nc/M — A\ (10)
These controls are given by
= —F,sen(Sr), |S¢l %0, F=F,8r=0; (11
where F, is a singular control in F, and

6=6m7 Sﬁ<0: B=68) Sﬂ=0;
(12)

B=0 85>0

where 3, is a singular control in 8.

We next examine the necessary conditions for singular con-
trols in F and B to occur in this problem. There are three
situations which must be investigated: F = F, and 8 #
B, F 2 F,and B = B;,and F = F,and 8 = 8..
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First consider the possibility of a singular control in F
occurring while 8 = 0 or B8,. It is necessary that Sr and all
its time derivatives vanish while F = F,. From Sz = 0, we
find that along a singular arc in F

A=0 (13)

From Sr 0, we obtain

— (sing + A, cosp) = 0 14)
From Sr = 0, we find that F, is given by
F,=0 (15)

A further necessary condition is
d8/OF = —(cosg — A, sing)/M < 0 (16)

Using Eq. (14), it is easy to show that this condition with
pure inequality is satisfied for —7/2 < ¢ < 7/2.

For a singular control in 8 with F = =+F,, it is necessary
that Sg and all its time derivatives vanish. Thus,

Sg = Ne/M — A\ =0 an)

Sg = (¢/M)[cosp — N, sing + (MKo/M) X
@24 V¥l + WNF/MW)(ce/V —1) =0 (18)

where ' = iE = in this expression. From Eq. (18) and the

expression for S,g = 0, the following expression for 3, can be
obtained:

By = (NK2VE(V/e)2 + 4V/c + 2] + (FM/V) X
[(sing + Ay cosp)(2 — V/e) + (Kah,/MV) X
@V + V¥e + V¥/eD I/ {Kahel(V/0)? +
4V/e+ 21+ O\F/VHE — V/e — 2/V)} (19)

A further necessary condition is

084/08 = Kahel(V/0)? + 4V /c + 2] +
NF/VH(@2 = V/e—2¢/V) <0 (20)

This condition must be checked when solving problems with
possible singular values of 8.

Finally, if F = F, and 8 = 8. occur simultaneously, it is
necessary that Sz, Sg and all their time derivatives vanish.
For Sz, Eqs. (13-15) are still valid. For Sg, Eqgs. (17-19)
are valid with ¥ = 0 from Eq. (15). Thus, the terms con-
taining F vanish from Egs. (18) and (19), and Eq. (19) re-
duces to

B, = KJV?*/c (21)
or thrust equals drag on such an arc. A further necessary
condition is that the following matrix be positive semi-
definite:

[—aléF/aF —aéF/aﬁ]
(22)

—o8s/0F  —d8s/08

It is easy to show that dSs/0F = dS57/08 = 0 in this case.
Thus, the necessary condition is satisfied if dSr/0F and

085/ are not positive. Equation (16) is valid here so that
08z/0F < 0 for —m/2 < ¢ < w/2. Equation (20) with
A = 0 gives 0Sg/0B, which is negative if A, < 0, so that
matrix (22) is positive definite if A, < 0 and —7/2 < ¢ <
T/2.

The solution to our problem can now be found from the
solution of the two-point boundary-value problem given by
Egs. (1, 3, 7-12, 15, and 19), with the X equation of Egs. (1)
and the boundary condition on X replaced by Egs. (5).
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Problem Solution

An analysis of the two-point boundary-value problem shows
that,the only possible control sequences! in F are {F.},
{—Fu}, {0}, {Fn0} and {—F.,0}. Since the first two
sequences would be expected to occur only under very
restrictive circumstances, they are not considered further.

The possible sequences in 8 are {Bn}, {80}, {8:0},
{ B, B850} and {0,8,,0}, where 8, is given by Eq. (19) if F =
+F,, and by Eq. (21) if F = 0. Since {8} can be expected
to occur only under very restrictive boundary conditions on
the problem, this sequence is not considered further.

Note from Eq. (14) that if F(t;) = 0, X\, is given by

Ay = —tane(ty) (23)

If, in addition, 8 = O just prior to intercept, Eqs. (7, 9, and
23) can be combined and evaluated at £, to obtain the follow-
ing expression for V(¢,):

V(tf) = VT COS[BT —_ gD(tf)] (24:)

In order to investigate the characteristics of these maxi-
mum launch range trajectories, we need solutions for the arcS
on which the various possible combinations of F and 8 occur.
In finding these solutions, it is convenient to integrate the
two-point boundary-value problem backwards in time from
t;. To do this, we introduce a new time variable 7 = §; — ¢.
Writing the differential equations given by Egs. (1, 5, and §)
in terms of 7 simply changes the sign of the right-hand side of
each equation. We next present solutions (closed-form when
possible) for arcs on which #/ = 0and 8 =0,F = 0and 8 =
B, F=0and B = B,.,F = =F,and 8 = 0,F = £+F,, and
8= Bs,andF = =F,and 8 = B,.

An arc with F = 0 and 8 = 0 can only be the final arc on a
maximum launch range trajectory. During such an arc the
solutions for the state variables are

M = const = My, ¢ = const = ¢f
V =V;/Q — KiVsr/My)
(25)
Z=2Z; — (M;/Kg) cosor In(1 — KgVyr/My)
Y =7Y,+ (M;/K,) sing; In(1 — KVs7/My)

where the subscript f refers to the state variables evaluated
at ty.

If an arc with # = 0 and 8 = @, precedes the F = 0 and
B8 = 0 are, the time 7, of switching in 8 is completely deter-
mined by Eq. (18) with F = 0. Using Eqs. (25), the A, dif-
ferential equation can be integrated for the period when
F = 0 and 8 = 0. Substituting the resulting expression for
(1) into Eq. (18), 7. can be found to be given by

o= M3+ Vi/e) — [L 4+ 6Vi/c+
(Vi/e)* 12}/ (4K.V ;) (26)

During the period when F = 0 and 8 = 8., the solutions for
the state variables and 8 are

V=V, =4V/{1 =Vi/c+ [l +6V,/c+

(Vi/e)21v2}
B: = KiV¥/e, o= @5, M =M;+ i(r — 1)
Z = Zs + Vi(r — 15) cosey, 27

Y=Y, — V(r — 1) sing;

where the subscript s denotes the conditions at ..
Let the subsecript ¢ denote the conditions when switching
from 8 = B. to 8 = B or B = 0 occurs with ¥ = 0. The
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solutions for M, ¢, and V while F = 0 and 8 = B,, are
M = ]u-a + ﬁm(T - Ta): @ = @f
V=X
(28)
Ve + @+ (Vo — QU + Bu/Ma)(r — 74)]%00
Vit Q@ — (Vo= @1 + (Bn/Mo)(r — 72)]200
where @ = (¢8./Ka)V2. No closed-form solutions could be
found for Z and Y on these arcs.
Let the subseript ¢ denote the conditions when switching

from F = £F, toF = 0 occurs while 8 = 0. The solutions
for M,V and ¢ while F = £F, and 8 = 0 are

M =const = M., V=V/[1 — KyV.(r — 7.)/M,]

(29)
¢ = ¢r = (Fm/]”ch) [r — 7e = KJV.(s* — 7.%)/2M.]

No closed-form solutions could be found for Z and Y during
this period.

No closed-form solutions could be found for ares on which
F = =+ F,,and 8 = 8, because of the complex dependence of
Bs on I, as is shown by Eq. (19). Thus, numerical methods
must be used to integrate the differential equations during
these ares.

Let the subscript e denote the conditions when F switches
fromF = £F,toF = O while 8 = 8,,. WhileF = £F,,and
B = B, the solutions for M and V are the same as given in
Egs. (28) with the subseript e replacing a. No closed-form
solutions could be found for ¢, Z and ¥ during this period.

Maximum Launch Range
Trajectory Characteristics

Figure 2 shows the results for two typical maximum-
launch-range trajectories. For case A the trajectory has
arcs along which 8 = Bnand F = F,, 3 = B, and F = 0,
B =fand F = 0,and 8 = F = 0. The trajectory for case
B has an arc along which 8 = 8, and F = F,, instead of a
B = Brand F = 0arc. In both trajectories, V,is lower than
the constant singular velocity V, which occurs when 8 = 8,
and F = 0. Trajectories with initial arcs of 8 = 0 are pos-
sible if Vo > V.. Except for the initial arcs with 8 = 0 and
F = xF, or 0, these trajectories are similar in character to
those shown in Fig. 2.

Note from this figure that the function of the lateral con-
trol F' is to turn the missile onto a straight-line collision course
with the target as soon as possible after launch. Since ¢ =
F/MV, ¢ decreases as V increases. In case B, 8 switches from

4000}

¢ =7000 FT./SEC.

¢= 5000 FT./SEC.

3000+
VS
(FT./SEC.)
2000
1000 | 1 1 A
600 1000 1500 2000 2500

Vg =Vpcos{8; -, ) (FT./SEC)

Fig. 3 Singular missile velocity ¥V, (with F = 0) vs final
missile velocity V; for two values of effective
exhaust velocities c.
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Fig.4 Reduction in launch range AR as a function of the

error in the constant singular velocity AV, for two values of

K, for a tail chase problem. For K; = 0.0002, R; = 21,369

ft; for K; = 0.0004, R; =10,602 ft (see text for other condi-
tions).

B to B while F = F,. This switching occurs at a velocity
lower than the singular velocity Vs which occurs when 8 =
Bs and F = 0. This early switching to 8 = @, slows the in-
crease in V, so that the collision course is attained earlier than
if this switching in 8 were delayed until V = V,.

The fuel burning rate plays a fundamental role in obtaining
the maximum-launch-range trajectory of the missile. Both
of the trajectories shown in Fig. 2 have ares along which
B = Bsand F = 0. As can be seen from Eqs. (24) and (27),
V = V, = const on these arcs and depends only on the ef-
fective exhaust velocity ¢ of the missile and V;, the compo-
nent of target velocity in the direction of the final missile
velocity vector. Figure 3 shows V, vs V; for two values of ¢,
and it is seen that V, increases only slightly as ¢ increases.

Even though V. is independent of the drag coefficient K,
the singular fuel burning rate is not, since 8, = K,V,%/c along
this singular arc. As K, is increased, more fuel must be ex-

1400

1200

(FT./SEC.)

800

600

400 1 -l 1 1 1 A 1
0 20 40 60
|61~ 4| (0EG)

Fig.5 Curves of constant switching time ¢, from g8 =3, to

B8 = B; as functions of target velocity magnitude and rela~

tive heading for Vo = 600 fps, M, = 14 slug, M; = 10 slug,
K; = 0.0002 and ¢ = 7000 fps.
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pended to overcome drag, thereby reducing the launch range.
For ¢ = 7000 fps, ¢() = 0, 7 = 0 (i.e., a tail chase), Vy =
1000 fps, V(0) = 1214.7 fps, My, = 12.674 slug, and M, =
10.0 slug, the launch ranges are 21,269 ft with K, = 0.0002,
and 10,602 ft with K, = 0.0004. On both of these trajectories
V. = 17958 fps. However, 8, = 0.0921 slug/sec when
K, = 0.0002, and 8, = 0.1843 slug/sec when K; = 0.0004.

Figure 4 shows the sensitivity of the launch range Ry to
errors in V, for these two tail-chase trajectories. Since Ry
is nearly inversely proportional to K., AR decreases as Kq
increases. Negative errors in V, cause larger reductions in
Ry than do positive errors. In any case, Rz does not appear
to be very sensitive to small errors in V,; a 200-fps error de-
creases it by <1.5%,.

In most air-to-air missile trajectories, the missile would
normally be expected to be launched on as close to a collision
course as possible, and the lateral control force F would be
used to produce a small change in ¢ immediately after launch
to get the missile onto an exact collision course. In such
problems, ares with 8 = B,and F = =£F,, would normally not
occur unless the missile were launched at a velocity very close
to V,. Thus, the missile essentially follows a straightline tra-
jectory to intercept the target. The fuel burning rate must be
switched from 8 = B, or 8 = 0 to 8 = B, at the proper time.
This switching time is completely determined by Vr and
|87 — ¢;.] Figure 5shows curves of constant switching time in
the Vr vs |07 — ¢,] plane for trajectories with V(0) = 600
fps, Mo = 14 slugs, M ; = 10 slug, K; = 0.0002 and ¢ = 7000
fps. These switching-time curves have the same general form
when the parameters of the problem are changed.

Discussion and Conclusions

The simplifying assumptions that were made limit the real-
ism of the problem in that 1) the target will usually be
maneuvering rather than be nonmaneuvering, 2) induced drag
will reduce Ry if the lateral force control is applied over any
significant time period, 3) the missile trajectory will be 3-
dimensional, 4) K, will vary with air density (altitude and
temperature) and velocity, and 5) at ¢; there should be some
negative range rate instead of the ideal zero range rate found
in this analysis. Nevertheless, the analysis clearly shows the
dependence of Rz on the singular velocity Vs, which occurs
when 8 = Bsand F = 0, and providing for the foregoing items
1-5 probably would not change this general dependence. In
particular, if a parabolic drag polar is assumed so that the
sideforce F' no longer appears linearly in the problem, it is
straightforward to show that the necessary conditions for a
singular arc in 8 are still satisfied. However, V, will no
longer be constant, in general.

The formulation of the intercept problem as a differential
game would be required to account for maneuvering targets,
but it probably would not be meaningful to attempt to maxi-
mize Rz. Instead, the problem should be formulated to at-
tempt to find the most efficient fuel burning rate to achieve
some goal such as minimizing the miss distance. In Ref. 4 an
example is presented of a one-dimensional, pursuit-evasion
game in which the dynamics of both the pursuer and the
evader are described by equations of the same form as Eqgs.
(1); the payoff is the final distance between the two vehicles.
The fuel burning rates for both vehicles have the same gen-
eral form as those found in the present analysis. Thus, the
formulation of the intercept problem as a differential game
does not appear to change the conclusions on the fuel burning
rate required to make the optimum use of the available fuel.

1t should be further noted that only necessary conditions
have been investigated in this problem. The reason for this
is that sufficiency condifions for nonlinear problems with both
singular and nonsingular arcs have not yet been found. Suf-
ficiency conditions for singular control problems currently
exist only for totally singular problems®~7 and for linear prob-
lems with quadratic cost.?
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A Jupiter Orbiter Mechanics Experiment

CuarLEs K. Paur*
Cornell University, Ithaca, N.Y.

An X-band radar onboard a planetary orbiting spacecraft measuring range and range rate
to the planetary surface is not only capable of refining spacecraft orbit determination, but can
also be employed to map the planet’s gravitational potential. The number of gravitational
harmonic coefficients which can be solved is dependent upon the radar accuracy in measuring
range rate. In the case of a Jupiter orbiter, spacecraft propulsion penalties and science ob-
jectives favor highly eccentric equatorial orbits in which the spacecraft is within radar-mea-
suring range of the planet for only a few hours of the long 40-day period. The radar orbit de-
termination scheme formulated here is thus a short-arc method and the short-term periodic
perturbations to the orbit caused by the planet’s potential are significant during this close
approach phase to the planet. These perturbations on the equatorial orbital elements are
derived and expressed as terms of the measured range rate. The theoretical formulation is
termed the range rate model and allows solution of four of Jupiter’s harmonic coefficients.
The only significant nonplanetary perturbations to the measured range rates are caused by

Jupiter’s closest five natural satellites. The formulation necessary to correct range rates for

these perturbations is developed.

Introduction

AJOR planetary orbiters starting with Jupiter in the
early 1980’s are logical follow-ups to the late 1970
Grand Tour missions. An orbiter is ideal for studying plane-
tary mass and gravitational properties affecting the spacecraft
orbit. The spacecraft utilizes onboard instrumentation pro-

vided for other mission objectives, thus no weight or power -

penalties are associated with this type of experiment.

The theory of satellite geodesy for analyzing the Earth’s
potential has been well summarized during the past decade.!
The orbits of geodetic satellites can generally be described as
nearly ecircular with periods of about 1} hr, the satellite
orbiting within one Farth radius of the planet’s surface and
hence being significantly perturbed by higher order terms of
the gravitational potential throughout its orbit. As opposed
to terrestrial orbiters, propellant requirements and science
objectives dictate highly eccentric orbits about the major
planets; e.g., for Jupiter, a 1.1 Jupiter radius (R,) perijove by
100 R, apojove orbit is suggested.? The orbital period is 45

Received September 1, 1970; revision received January 12,
1971. The author wishes to acknowledge the support of NASA
under contract NGR 33-010-071 which made possible a large
portion of this research.

* Professor of Engineering.

days and the spacecraft is within 11 Jupiter radii of the
planet’s surface for only 2 hr during each orbit. This short
duration in the proximity of the planet and the fact that a cer-
tain degree of hydrostatic equilibrium suggested by present
planetary models of Jupiter®4 imply a rapid diminution of the
higher order gravity harmonics. Thus only the central term
and the second and fourth degree zonals (J, = 0.01470, J, =
—0.00067)%% of the potential were used to calculate the secu-
lar perturbations on various Jupiter orbits.® The small secu-
lar rates of motion,® orbital trim to satisfy science objectives,
and secondary perturbational effects during the long duration
at apojove caused by other celestial body gravitational fields,
solar radiation pressure, propellant tank leakage, and down-
link telemetry maneuvers all combine to eliminate the secular
and long term orbital rates over an integral number of orbits
as a means for zenodetic analysis. Thus direct observation of
the short-term periodic effects is predicated. Observation
capability implies onboard navigation capabilities in the form
of the existing radio transmitter and receiver, the imaging
system, and the X-band radar. Deep Space Network (DSN)
tracking alone will not suffice when the long 14 hr radio
round trip time, DSN scheduling, and spacecraft perijove
occultations from Earth are considered. Figure 1 shows the
1.1 by 100 R, orbit.



